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Exercise 1: Interval Analysis 10 Points

Consider the following simple program:

x := 0 ;
while x < 10 do {

if x > 4 then x := x− 1
else x := x+ 1

}

Perform interval analysis and for each iteration note the value of the variable x at the
second line in the program. This is the location just before evaluating the loop guard.

a) Perform interval analysis without applying widening/narrowings. Write the se-
quence of values for x at the location of interest.

b) Perform interval analysis with widenings and write down the resulting sequence.
c) Continue with regular fix-point iteration starting from the value obtained using

widening.
d) Finally, write the sequence you obtain if you perform a widening iteration followed

by a narrowing iteration.

Exercise 2: Galois Connections 6 Points

A Galois connection between complete lattices D1 and D2 consists of two functions
α : D1 → D2 and γ : D2 → D1, such that for any x ∈ D1 and y ∈ D2,

α(x) v y ⇐⇒ x v γ(y)

Then, we say that γ is the upper adjoint of α (conversely, α is the lower adjoint of γ). In
static analysis, α is called the abstraction function and γ is the concretization function.

a) Show that x v γ(α(x)) and α(γ(y)) v y. (Prove only one; other is symmetric!)
b) Show that α and γ are monotonic. (Again, it suffices if you prove one.)
c) Show that for a Galois connection, α is uniquely determined through γ:

α(d1) =
l
{d2 ∈ D2 | γ(d2) w d1}
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d) Give an example of an abstract domain D and a monotonic concretization function
γ : D → 2Z, such that the corresponding α does not form a Galois connection
together with γ.

Exercise 3: Proving precision of analyses 4 Points

Now, we define a closure operation c : D1 → D1 as follows:

c(d1) = γ(α(d1))

a) Show that α(c(d1)) = α(d1). Thus, the closure of d1 is the best description of d1
that a given abstraction is capable of. (For example, if our concrete domain is 2V →Z

and the abstract domain is the set of affine equalities between program variables,
then the closure operator is the affine hull of the concrete value mappings.)

b) Assume we have a concrete constraint system x w f(x) and an abstract constraint
system y w f ](y). Further, assume we can show that the least solution x0 to the
concrete system also satisfies α(x0) w f ](α(x0)). Prove that then the least solution
y0 of the abstract system satisfies γ(y0) v c(x0). In this case, f ] computes the
best possible abstraction: there is no addition loss of precision other than what is
intended by the abstract domain. (Continuing the example of computing equalities
between program variables, this would mean computing all valid affine equalities.)
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